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-.- by 

W. E, Ibele, J. L, Novotny, and Be R. G. Eckert 

Summary 

J S L J 9  
Prand t l  number measurements of a i r ,  helium, and air- 

helium mixtures  have been performed over a temperature range 

from 300 t o  700 K, Various methods of pred ic t ing  t h e  thermal  

conduc t iv i ty  and viscosity of binary mixtures  were also in-  

ves t iga t ed  and r e s u l t s  obtained by use  of these methods w e r e  

campared with the e x p e r i m e n t a l  r e s u l t s .  

by Hirschfe lder ,  C u r t i s s ,  and B i r d  which uses  t h e  Lennard-Jones 

in te rmolecular  p o t e n t i a l  was se l ec t ed  and force cons tan t s  

determined from experimental data were applied 

for p red ic t ing  thermal conduct iv i ty  and v i s c o s i t y .  

less conduc t iv i t i e s ,  v i s c o s i t i e s ,  and Prand t l  numbers were 

ca l cu la t ed  over t h e  temperature range of 200 t o  3,000 K for 

The method set for th  

Dimension- 

mixtures ranging from pure air t o  pure  helium. W O K  

INTRODUCTION 

Of t h e  var ious  t r anspor t  p r o p e r t i e s  of gases, the expex i -  

mental determinat ion of the c o e f f i c i e n t  of thermal conduct iv i ty  

encounters  t h e  most severe d i f f i c u l t i e s  and accounts f o r  t h e  
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present limited knowledge of this property, 

usually employed for such measurements rest upon Fourier's 

equation to describe the heat flow through a stagnant gas 

sample, Unfortunately, the l o w  value for the coefficient 

of thermal conductivity for gases makes it extremely diffi- 

The methods 

cult to hold the heat losses to desirably small values, 

At higher temperatures, the radiative energy exchange between 

surfaces of the test cell is difficult to account for with 

desired accuracy. In addition, there is the requirement that 

natural convection currents should be avoided if reliable 

values are to be obtained. 

These sources of error are reduced significantly when 

coefficients of thermal conductivity are derived from direct 

Prandtl number measurements as proposed by Eckert and Irvine 

(ref. I), The large convective heat-transfer coefficients 

dominate the radiation f i e l d s  and permit accurate measurements 

of the Prandtl number. Thermal conductivity coefficients are 

then obtained by using viscosity and heat-capacity data, 

properties which are known with greater confidence than the 

coefficient of thermal conductivity. 

A continuing problem in heat transfer calculations is 

the determination of property information in a range of 

temperature where experimental measurements are scant or non- 

existent, The hazards of extrapolating experimental data to 

higher temperatures are obvious. Unfortunately, the various 
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molecular models used to represent 

are presently inadequate since the 

the behavior of matter 

fundamental l a w s  governing 

molecular interaction are not sufficiently undexstood to 

permit the formulation of an integral, independent approach 

to the determination of property values, 

An approach meeting with success is one embracing experi- 

ment and theory in a semitheoretical manner. Briefly, the 

m e t h o d  consists of determining from experimental data, values 

of the adjustable constants in the intermolecular potential 

which describes the action between molecules. When the result- 

ing predictions of transport properties agree closely with 

experiment, extrapolation to regions where experimental data 

are meager or nonexistent may be undertaken with reasonable 

confidence . 
The gas mixture of air and helium was selected in the 

present investigation for  two reasons. There exists in 

general a need for measurements and predictions of thermal 

conductivity for binary gas mixtures at high temperatures 

and the mixture of a light gas such as helium with air offered 

an opportunity to study the characteristics of a dissimilar 

combination, In addition, there is an active interest in the 

physical properties of such a mixture because of the use of 

a light gas such as helium in transpiration cooling techniques, 

This investigation was conducted at the Heat Transfer 

Laboratory of the Mechanical Engineering Department of the 
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SYM3OLS 

A*, B* function of T* 

C heat capacity at constant pressure 

B thermal conductivity ratio, experimental over monatomic 
P 

prediction 

k Boltzmann constant; also, thermal conductivity 

M molecular weight 

Pr Prandtl number 

R 

T absolute temperature or temperature, deg. K 

TU = k'/e 

V velocity 

gas constant, cal/(gm-mole)(qK) or Btu/(lb-mole)("R) 

X 

e 

mole fraction 

depth of Lannard-Jones intermolecular potential 

potential miniqum for unlike interactions, given 
1/2 '12 empirically by 

v dynamic viscosity 
(fp* 1 
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low-energy c o l l i s i o n  diameter of Lennard-Jones 
in te rmolecular  p o t e n t i a l  

low-energy c o l l i s i o n  diameter for un l ike  molecules, 
(61  * 

5 1 ( 2 9 2 ) "  c o l l i s i o n  i n t e g r a l  

Subscr ip ts :  

m i x  of t h e  mixture  

mon molecules assumed t o  be e f f e c t i v e l y  monatanic 

0 va lue  a t  273,16 K 

r adiabatic recovery 

T total  

192 gases  1 and 2, r e spec t ive ly  

12 un l ike  pair of molecules 

EXPERIMBNTAL PROGRAM 

An experimental  program of Prandtl number measme- 

ments on air, helium, and air-hel ium mixtures  over a temperature 

range of 300 t o  700 K and one atmosphere p re s su re  has been 

accomplished, 

described i n  reference 1, which is based on the  fact that a 

wel l -es tab l i shed ,  unique r e l a t i o n  e x i s t s  between t h e  Prandtl 

number and t h e  f lat-plate recovery factor for laminar,  high- 

v e l o c i t y ,  boundary-layer flow, 

measurements is discussed  i n  detail  i n  t h i s  r e fe rence  and only 

a brief desc r ip t ion  of it w i l l  be given here except fox such 

The experimental procedure employed the  method 

The equipment for making such 

modi f ica t ions  as w e r e  necessary to transform t h e  appa ra tus  

for work on mixtures. 
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The experimental  apparatus c o n s i s t s  of a subsonic  nozzle 

through which a thermocouple w i r e  is suspended along the nozzle 

axis and p a r a l l e l  t o  t h e  flow d i r e c t i o n ,  This w i r e  is a b u t t -  

welded, d i f f e r e n t i a l  thermocouple w i t h  one junc t ion  located 

upstream of the  nozzle where t h e  v e l o c i t y  is law and t h e  other 

j u n c t i o n  located a t  t h e  nozzle exit p l ane  where the  v e l o c i t y  

is a maximum. Under t h e  proper condi t ions ,  the upstream 

j u n c t i o n  comes i n t o  equi l ibr ium w i t h  the  total  temperature 

of the  gas stream and t h e  downstream Junct ion assumes t h e  

adiabatic recovery temperature a s soc ia t ed  with the gas stream 

a t  t h e  exit  of the  nozzle ,  

I n  t h i s  i n s t a l l a t i o n ,  the  thermocouple w i r e  takes t h e  

place of a f l a t  plate over which i s  moving a high  v e l o c i t y  

gas  stream. The vo l t age  reading of t h e  d i f f e r e n t i a l  themo- 

couple  is  p ropor t iona l  t o  the d i f f e r e n c e  between the t o t a l  

temperature TT and t h e  adiabatic recovery temperature Tr. 

Th i s  reading ,  t oge the r  w i t h  an  independent measurement of t he  

total temperature and t h e  gas v e l o c i t y  at t he  nozz le  exit ,  is 

s u f f i c i e n t  t o  specify the recovery factor and t h e  P rand t l  

number according t o  the  r e l a t i o n  

1/2 = 2 c p ( T ~ j  'r) Recovery factor = Pr 

The v e l o c i t y  i n  t h e  above equation w a s  determined by measuring 

the  s ta t ic  p res su re  drop across the nozzle,  expressing it as a 

ratio,  and using the gas  laws for  i s e n t r o p i c  expansion, The 
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pres su re  drop across t h e  nozzle w a s  ad jus t ed  t o  g i v e  a Mach 

number a t  nozzle exit of about 0.90 to m e e t  t h e  high-veloci ty  

condi t ion.  The approach sec t ion  t o  t h e  nozzle  w a s  designed 

wi th  care t o  i n s u r e  t h a t  flow over t h e  d i f f e r e n t i a l  thermo- 

couple w i r e  was laminar i n  order  that t h i s  requirement of 

t h e  above equat ion was m e t .  U s i n g  t h i s  arrangement, p rev ious  

measurements have been reported (ref. 1 )  of P r a n d t l  number 

and thermal conduct iv i ty  values for air a t  atmospheric p res su re ,  

wer a temperature range of 60 t o  350 F, 

Two modif ica t ions  were made i n  using t h e  appara tus  t o  

meascre the  P r a n d t l  number of air-helium mixtures ,  One con- 

cernec' the d i f f e r e n t i a l  thermocouple and t h e  o ther ,  t h e  a d d i t i o n  

of tank3 for the prepara t ion  of known mixtures  of t he  two gases, 

A c a r e f u l  a n a l y s i s  of poss ib l e  systematic errors i n  these 

measuremen%s r e v e a l s  t h a t  a dev ia t ion  from t h e  t r u e  P rand t l  number 

va lue  may arise from the  f a c t  that a r o t a t i o n a l l y  symmetrical 

body, t h a t  is, t he  thermocouple w i r e ,  is used i n s t e a d  of t h e  

two-dinensional plate for which the r u l e  based on t he  square 

root of t h e  Prandtl number was derived,  Th i s  can cause a 

sys temat ic  error which depends upon t h e  ratio of boundary- 

l a y e r  th ickness  t o  w i r e  diameter. This error may become 

serious w h e n  one deals w i t h  l igh tweight  gases such as helium 

which have characteristically t h i c k  boundary layers and, 

accordingly,  it w a s  necessary t o  use a thermocouple w i r e  w i t h  

a l a r g e r  diameter than t h a t  used i n  t h e  o r i g i n a l  apparatus .  
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Increas ing  the w i r e  diameter, however , i n c r e a s e s  the heat 

conduction between the d i f f e r e n t i a l  thermocouple j u n c t i o n s  

and may in t roduce  another  error i n t o  t h e  procedure,  To de- 

crease both curva ture  and conduction errors, a d i f f e r e n t i a l  

thermocouple w a s  made i n  tb shape of a thin-walled (0.004 

i nch )  tube,  0,125 inch i n  diameter, from Manganin and constantan 

metals, This  thermocouple was used for measuring t h e  air- 

helium mixture  Prandtl numbers a t  roam temperature (270 2 10 K) 

reported i n  r e fe rence  43. 

a t  e leva ted  temperatures encountered erratic vo l t age  outputs ,  

due apparent ly  t o  changes in t h e  state of stress of tho t h i n  

walled tube. A t t e m p t s  to stress relieve the thermocouple and 

maintain it i n  a cons tan t  stress environment were unsuccessful  

and led to a r e t u r n  t o  the solid d i f f e r e n t i a l  thermocouple 

(constantan-Manganin, 0.018 inch  diameter)  described i n  

r e fe rence  1, For the reasons given above, t h e  thermocouple 

diameter w a s  increased t o  0,024 inch  diameter and the short  

c e n t e r  s e c t i o n  of w i r e  changed from Manganin t o  chrome1 because 

of wngan in  deterioratim y i t h  extended use a t  high temperature. 

Chrome1 was s e l e c t e d  t o  reduce the  conduction between junc t ions ,  

its thermal conduct iv i ty  being only 60 percen t  t ha t  of Minganin. 

Resu l t s  for carbon-dioxide, carbon-dioxide-air mixtures,  and 

helium reported i n  references 44 and 45 r e s p e c t i v e l y ,  employed 

t h i s  p a r t i c u l a r  d i f f e r e n t i a l  thermocouple. 

measurements d e t e r i o r a t i a n  of t he  constantan s e c t i o n s  were 

Subsequent use  of this thermocouple 

Following these 
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noted and w e r e  replaced by alumel. 

the  chranel-alumel pair exhibits a n  e b m , f ,  ou tput  depending 

upon its previous temperature h i s to ry .  The thermocouple w a s  

first calibrated, then  aged for approximately 200 hours at  a 

temperature of 900 t o  1,OOO F and recalibrated, While a 

s h i f t  i n  t he  e.m.f.  VS. temperature curve w a s  noted, the  

slopes used agreed to within 0.5 percent  over the temperature 

range of experimentation. Measurements were made for t h e  pure  

gases:  argon, carbon-dioxide, helium, n i t rogen  and t h e  mixtures:  

carbon-dioxide n i t rogen ,  air-helium, Reports on t h e s e  r e s u l t s  

are being prepared for  publ ica t ion ,  

As noted i n  r e fe rence  46, 

I n  order t o  measure accu ra t e ly  t h e  ratios of the air- 

helium mixtures,  a separate mixing tank was used, The con- 

s t i t u e n t  gases were introduced i n t o  t h i s  tank f r o m  s tandard  

m e t a l  bottles conta in ing  air and helium. 

w e r e  determined by making pressure  and temperature measurements 

i n  both the m e t a l  bot t les  and the mixing tank. I n  t h i s  way 

it was possible, by using state equat ions  with compressibility 

c o r r e c t i o n s ,  t o  ob ta in  t w o  independent measurements of t h e  

mixture  ratios, These measurements agreed wi th in  0 . 5  percent .  

The mixture  ratios 

An a n a l y s i s  was made of the  p o s s i b l e  random and sys temat ic  

errors i n  both the  mixture- ra t io  and recovery-factor measurements, 

For t h e  latter, instrument readings,  c a l i b r a t i o n  errors, r a d i a t i o n  

and conduction effect6 on the adiabatic condi t ion ,  and the in -  

f l u e n c e  of t h e  c y l i n d r i c a l  geometry were considered. It w a s  
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predicted from t h i s  a n a l y s i s  that the sys temat ic  error in 

the  P r a n d t l  number w a s  less than 1,4 percent  and t h e  random 

error, less than  - 1 , O  percent.  I n  the case of t he  mixture- 

ra t io  determinat ions,  a similar a n a l y s i s  p r e d i c t e d  n e g l i g i b l e  

sys temat ic  errcars and random errors no g r e a t e r  than 1 percen t ,  

+ 

Two possible errors deserve a separate d i scuss ion  s i n c e  

they  are unique t o  measurements of gases  where t h e  ratio of 

t h e  molecular weights i s  s i g n i f i c a n t l y  g r e a t e r  than  uni ty .  

These concern the effect of thermal d i f f u s i o n  i n  t h e  boundary 

l a y e r  on t h e  r u l e  for t h e  square root of t h e  P rand t l  number 

and t h e  v a r i a t i o n  of physical  properties i n  t h i s  l a y e r ,  It 

may be r e c a l l e d  t h a t  t h e  above r e l a t i o n  of Prandtl number 

and recovery factor w a s  obtained f r o m  a s o l u t i o n  of t h e  boundary- 

layer equat ions  under t h e  condi t ion  of cons tan t  p h y s i c a l  

properties and i n  the absence of thermal d i f f u s i o n  ( r e f ,  2), 

I n  order to i n v e s t i g a t e  t h e  p r e s e n t  condi t ibns ,  the boundary- 

l a y e r  equat ions  were again solved,  tak ing  i n t o  account thermal 

d i f f u s i o n  and physical property dependence upon both temperature 

and mass concent ra t ion  (ref, 3). These c a l c u l a t i o n s  ind ica t ed  

that the square root of t he  P r a n d t l  number evaluated a t  the free- 

stream m a s s  concent ra t ion  and the  boundary-layer reference 

temperature used i n  reference 1 is an a c c u r a t e  r ep resen ta t ion  

of t h e  recovery factor within 0.8 percent  which amounts t o  

l , 6  percent  i n  the  P rand t l  number, 

Using t h e  techniques described above, measurements were 

made of t h e  Prandtl number of air  over t h e  temperature range 

270 to 700 K, the temperature capability of the  present device, 
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The measurements are Shawn i n  f i g u r e  1 and w i l l  be discussed  

i n  greater detail i n  a later sec t ion ,  N u m e r i c a l  data fram 

the smooth curve drawn through t h e  experimental  data i n  

f i g u r e  1 are given in t a b l e  1. 

ANALYTICAL PROGRAM 

Calcu la t ion  Methods for Transport  Properties of 

Binary Mixtures and Pure Gases 

Thermal conduct iv i ty  for b inary  mixtures,- V a r i o u s  

a n a l y t i c a l  methods have been proposed t o  determine the  thermal 

conduct iv i ty  of binary  gas  mixtures.  None of these are c o m -  

p l e t e l y  rigorous for mixtures involving polyatcmic gases, 

hawever, and agreement w i t h  e x i s t i n g  experimental  data is 

u s u a l l y  obtained by ad jus t ing  the cons t an t s  tha t  appear i n  

t h e  equat ion,  

Lindsay and Bromley (ref. 4 )  modified an  equat ion,  first 

proposed by Wassiljewa (ref. S), based on k i n e t i c  theory. 

Comparisons of c a l c u l a t e d  and experimental  va lues  of conduc t iv i ty  

for a large number of gas mixtures w e r e  accomplished; the  range 

of discrepancy was f r o m  -7,l t o  10 percent .  

Xslcog der ived  an  expression for c a l c u l a t i n g  the  thermal 

conduc t iv i ty  of a binary  gas mixture, a n  example of which is 

given i n  reference 6.  It too was developed from the  k i n e t i c  

theory and con ta ins  molecular parameters that are evaluated 

from e x i s t i n g  experimental  data, usua l ly  v i s c o s i t y  measurements, 

Keyes ( r e f ,  6) found t h a t  conduct ivi ty  va lues  for t h e  b inary  



mixture of nitrogen and carbon dioxide in the temperature 

range 0 to 150 C compared favorably with the experimental 

data when calculated using the Enskog relation. 

lations at 0 C for the mixture of hydrogen and carbon*dioxide, 

however, did not agree satisfactorily with experiment. 

The calcu- 

Hixschfelder and coworkers (ref. 7) proposed that the 

conductivity of a binary gas mixture could be determined 

reliably by 

(1) k& - - kmon(q31 + X2EZ) 

where kmon is the calculated thermal conductivity of the 

mixture when the molecules are assumed to be effectively 

monatomic and of the same molecular weight as the polyatomic 

molecules involved. The m d e  factions of the two components 

are represented by xl and x2* 

where (ki) 

of the pure gas and (ki)l, the approximation to the conductivity 

of the pure gas, assuming it to be monatomic, 

The quantity El = (ki)exp/(ki)l 
represents the experimentally determined conductivity 

exp 

The necessary equations for determining the thermal con- 

ductivity of a binary gas mixture according to the method 

proposed in reference 7 are as follows: 
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2 

2x1x2 .(Y) + X*l Flz)l 

where 

x19x2 

9 M2 

mole fractions of gases 1 and 2 

molecular weights of gases 1 and 2 

functions of TI*+ = kT/t12 (ref, 7, p. 1128) 

(ie) 
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=12 minimum potential energy for interaction of 
unlike pairs of molecules, dele2 

- 
T temperature, deg. K 

(kl)l,(k2)1 first approximation to thermal conductivity 
of pure gases 1 and 2, cal/cm sec OK 

The quantity k12 is given by 

and may be regarded as the thermal conductivity of a hypothetical 

rnonatotnic pure substance, the  molecules of which have a molecular 

weight of 2M1Md( M1 

curve characterized 

The quantity a12 is 

i M2) and interact according to a potential 

by the interaction parameters a12 and sl2@ 

the distance in Angstroms at which low-energy 

molecules collide and is customarily taken as the arithmetical 

mean of dl and u2" The expression Rl2 (',')* is the collision 

integral and indicates the deviation of any particular molecular 

model from the idealized rigid-sphere model. It is listed for 

various values of T+ =I KT/S in reference 7. 

Thermal conductivity for pure gases.- The quantities (kl)l 

and (k2)l are determined in cal/cm sec OK by 

1 -  (k)l% lo7 = 1989.1 
a2d2 )* (P ) 
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where 

M 

6 

molecular weight of pure  component 

low-energy c o l l i s i o n  diameter for i n t e r a c t i o n  of 
l ike  molecules 

c o l l i s i o n  i n t e g r a l  for l i k e  molecules, t a b u l a t e d  
as func t ions  of 'P = kT/e (ref, 7, p. 1126) 

It is  apparent  from the  preceding equat ions  tha t  calcu-  

l a t i o n s  of thermal conduct ivi ty  employing t h e  Hirschfelder 

method are lengthy. It was found, huwever, t h a t  better 

agreement w i t h  t he  experimental data w a s  ob ta ined  through 

t h i s  approach. Thus Lindahl ( r e f ,  47) examined the  thermal 

conduc t iv i ty  of e ighteen  gas pairs over temperatures ranging 

f r o m  0 t o  800 C and v e r i f i e d  t h e  supe r io r  accuracy of t h e  

Hirschfe lder  m e t h o d ,  as compared t o  t h e  prev ious  methods 

( r e f s ,  4, 6 )  and a later scheme by Brokaw ( r e f ,  49). 

The molecular parameters used i n  the Chapman-Bnskog 

theo ry  as developed by II i rschfelder ,  Cutiss, and B i r d  are 

Q, which is  a c h a r a c t e r i s t i c  d i s t a n c e  of t h e  i n t e r a c t i o n  

p o t e n t i a l  energy between two molecules ( t h e  average c o l l i s i o n  

diameter of simple k i n e t i c  theory) ,  and t/k, which f u r t h e r  

c h a r a c t e r i z e s  t h e  p o t e n t i a l  by spec i fy ing  the  depth of t h e  

minimum i n  t h e  p o t e n t i a l  energy of i n t e r a c t i o n ,  S ince  v i s c o s i t y  

data are more abundant and usua l ly  more accura t e  than  thermal 

conduct iv i ty  data, practice has been to  use  the  p o t e n t i a l  

parameters determined from v i s c o s i t y  data i n  c a l c u l a t i n g  both  

v i s c o s i t y  and thermal conduct ivi ty ,  Values of both t h e s e  

parameters for var ious  gases are given i n  re ference  7, 
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The existence of a large body of experimental measure- 

ments of air thermal conductivity, Iiawever, suggested that 

these measurements be analyzed to determine a best pair of 
r 

force constants to be used to predict thermal-conductivity 

coefficients, This analysis w a s  accomplished by first dividing 

the experimental conductivities by the Eucken correction 

rrefe 48) which accounts approximately for the transfer of energy 

between translation and the internal degrees of freedom in 

molecules having two or more atoms. The results of this 

/. 

operation were then analyzed using equation (2i), Successive 

values of s/k were chosen; for each choice a set of d values 

results, one for each temperature at which experimental values 

of k are reported. 

exhibiting the least4quare percent deviation from the average 

w a s  then selected together with the average d as the parameters 

The a/k associated with the set of d values 

best characterizing the gas behavior with respect to thermal 

conductivity. The predicted variation of thermal conductivity 

with temperature for air is shown in figure 2. 

air data are given in zefs, 9 to 16, 31 and 52, 

using force constants based on thermal conductivity gives a 

good fit of the experimental data. This is particularly true 

at lower temperatures where the data would be expected to be 

most reliable, 

experimental data occurso 

The experbeatal 
- _  

Tho predicted c u m  

A t  higher temperatures departure from the 
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The experimental data of Stops (ref. 

1,OOO K but involve radiation corrections 

12) extends beyond 

so large that these 

were not plotted, The average deviation between statistical 

predictions and experimental data is about 1 percent; the 

maximum deviation is 12 percent at 1,200 K. 

Figure 3 shows similar cmparisons for the thermal con- 

ductivity of helium, the experimental data being that reported 

in references 17 to 20, Statistical predictions based on 

thermal-conductivity data clearly deviate least from the 

experimental data. The average deviatiin is less than 1 percent, 

the maximum less than 2 percent. Because of the relative success 

of using thermal-conductfvity-determined force constants, it was 

decided to employ these in determining the thermal conductivities 

of air-helium mixtures. The force constants determined from the 

analysis of conductivity data and used for mixture calculations 

are given in table 2. 

Viscosity for binary mixtures,- The methods for predicting 

the viscosity of binary gas mixtures were reviewed to determine 

the basis and accuracy of available methods. 

A general form of the viscosity for binary gas mixtures 

was developed by Buddenberg and Wflke (ref, 21) and later 

simplified by Wilke (ref, 22) by means of the kinetic theory 

of gases. 

tha viscosity of such binary mixtures as hydrogen-air and air- 

helium (ref, 23). Pulkrabek (ref, 50) examined viscosity 

This method has been used w i t h  success in predicting 
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measurements for binary mixtures involving helium as one 

componect however, and ver i f ied  the superiority of the 

Hirschfelder method (ref, 7 ) -  

According to this method as praposed i n  reference 7, 

the viscosity of a binary gas mixture is given byt 

x + Y  

&=Mq 
where 

2 
x1 2x1x2 x22 

x ? “ ~ * 0 1 2 ) 1 + ~  

(3) 

where ( r ~ ~ ) ~  and are the  f irst  approximations t o  the 

v i scos i ty  of the pure gases 1 and 2 in gm/cm seco 

The quantity {q,,), is given by 
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and may be regarded as t h e  v i s c o s i t y  of a hypothetical pure 

substance which has  a molecular weight of 2M1M2/(M1 + MZ). 
The molecules of this g a s  i n t e r a c t  according to a p o t e n t i a l -  

energy curve described by t h e  molecular parameters 612 and e12" 

The former is t h e  low-energy c o l l i s i o n  diameter for un l ike  

molecules customari ly  t a k e n  as (a1 + d2)/2; the la t ter  i s  

the p o t e n t i a l  minimum fox unl ike  i n t e r a c t i o n s  and is given - 
empi r i ca l ly  by Ve182. The q u a n t i t y  G12 (2p2)* is t h e  c o l l i s i o n  

i n t e g r a l  and r ep resen t s  t h e  d e v i a t i o n  of any p a r t f c u l a r  molecular 

m o d e l  from the idealized rigid sphere m o d e l .  

i n  re ference  7 with ZW = kT/r as argument, 

Values are reported 

Viscos i ty  for pure  gases,- The q u a n t i t i e s  and (q2)1 

are given i n  gm/cm sec by 

vm ( T ~ ) , X  lo7 = 266.93 cr2d2 s2)* (Tw ) 

where 

M molecular weight of pure component 

d low-energy c o l l i s i o n  diameter for i n t e r a c t i o n  of 
l i k e  molecules, A 

c o l l i s i o n  i n t e g r a l  for l i k e  molecules, t abu la t ed  
i n  re ference  7 

Because this method was c o n s i s t e n t  with t h e  thermal- 

conduct iv i ty  c a l c u l a t i o n s ,  gave s a t i s f a c t o r y  r e s u l t s  for t h e  
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viscosity of pure substances and best results for binary 

gas mixtuxes involving helium, it was decided to utilize 

thfs approach for determining air-helium viscosities, 

Figure 4 presents the statistical predictions of 

viscosity for air and the results of several experimental 

investigations (refs. 24 to 27). The values of the National 

Bureau of Standards tabulated in reference 8 are also shown 

for comparison. Agreement i s  excellent up to 1,OOO K where 

the statistical predictions deviate from both experimental 

data and the NBS best f i t ,  

statistical predictions from experimental data is about 

1 percent and the maximum about 2 percent. 

The average deviation of the 

Figure 5 presents the results of viscosity predictions 

for helium compared with experimental measurements (refs. 26 

and 28 to 35). Agreement with experimental data for helium 

was not quite as good as that for air, (deviations: average 

1,s percent, maximum 2.5 percent). These were not considered 

to be excessive in view of the fact that a common method w a s  

employed for predicting the properties of the mixture components. 

A somewhat better f i t  of the experimental viscosity measure- 

ments for helium could be obtained by selecting a pair of 

force constants other than those given in reference 7 and 

repeated in table 2; however, these were found to be quite 

satisfactory in predicting viscosities of other binary mixtures 
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involving helium, 

cosities of three different b inary  mixtures having helium 

as one canponent (refs. 28, 34, 36, and 37), A l s o  shown are 

t h e  predicted v i s c o s i t i e s  f o r  these mixtures  obtained by 

us ing  equat ion (3). 

mental viscosities and those predicted by equat ion  (3) is 

2,5 percent  w i th  an;average d i f f e r e n c e  of about  1 percen t ,  

Thus f i g u r e  6 shows t h e  measured v i s -  

The maximum d i f f e r e n c e  between experi- 

Such r e s u l t s  w e r e  taken as grounds for us ing  t h e  helium 

force cons tan t s  i n  table 2 t o  c a l c u l a t e  mixture  v i s c o s i t i e s  

of air  and helium by t h e  Hirschfelder  m e t h o d .  

H e a t  capacity for binary mixtureS,- The h e a t  capacity 

of a b ina ry  mixture may be simply and qccura t e ly  determined by 

where C 

and mole f r a c t i o n  of the 5 th  component, The heat capacities 

and xi r ep resen t ,  r e s p e c t i v e l y ,  the  heat c a p a c i t y  
p i  

for pure  air  and helium were taken from r e fe rences  8 and 38, 

Transport  P r o p e r t i e s  Calculated for  Air-Helium 

Mixtures and Pure G a s e s  

The c o e f f i c i e n t  of thermal conduc t iv i ty  for air-helium 

mixtures  is given i n  table 4 and plotted i n  f i g u r e  7 ,  For 

convenience, this has been expressed as a dimensionless 

conduc t iv i ty  fol lowing the p r a c t i c e  a€ t h e  Nat ional  Bureau 

of Standards,  The re ference  thermal conduc t iv i ty  is  t h a t  of 

a i r  a t  a temperature of 273,16 K and p res su re  of 1 atmosphere 



and is taken as equal  t o  5.760 x lom5 cal/(cm-stac)(°K). 
Values of the  conduct iv i ty  ar0 plotted at 100 degree increments 

from 200 to 3,000 K over the f u l l  mixture range a t  intervals of 

one-tenth m o l e  f r a c t i o n  from pure  air t o  pure helium. 

s u l t s  hold for d i l u t e  gases where the p r e s s u r e  effect is 

neg l ig ib l e ,  

The re- 

The c o e f f i c i e n t  of viscosity for air-helium mixtures  3s 

given  i n  table 5 and p lo t t ed  i n  figure 80 

case of the thermal conduct ivi ty ,  the  v i scos%ty  5s reported 

as a ratio; the  re ference  v i scos i ty  is t h a t  of air  at a 

temperature  of 273.16 I( and pressure of 1 atmosphere and 

has the value 1,715 x loo4 gm/sec-cm. 

mole f r a c t i o n  arguments at which the v i s c o s i t i e s  are tabula ted  

are the  same as in t h e  case of thermal conduct ivi ty .  

The heat capac i ty  a t  constant  p re s su re  for  t h e  mixtures  of 

Again as i n  the 

The temperature  and 

helium and air i s  given by table 6 as the dimensl.Qnless q u a n t i t y  

Cp/R. Values are listed at the same increments of temperature 

and mole f rac tPons  as for the thermal conduct ivi ty .  

The u t i l i t y  of the Prandtl number Pr = s p / k  i n  heat- 

t r a n s f e r  cons idera t ions  and t h e  a v a i l a b i l i t y  of heat-capacity, 

v i s c o s i t y ,  and thermal-conductivity values reported i n  tables 

4, 5 ,  and 6 suggested t h a t  the Prand t l  numbers at var ious  

temperatures  and mole f r a c t i o n s  can be ca lcu la ted .  The r e s u l t s  

are given i n  table 6 at the s a m e  temperatures and m o l e  f r a c t i o n s  

used i n  the previous tables for thermal conduct ivi ty .  The Prandt l  
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numbers are also plotted in f i g u r e  g 9  whfch covers  the entire 

range of temperatures and mixture m o l e  f r a c t i o n s ,  These data 

f o x  t fag  Prandt1 number, as for the  thermal conductivity, 

viscosity, and heat capnci'ty, ar0 app l i cab le  to d i l u t e  gases 

where pressure  effects are negligiblT.e, To facilitate the  

use of the tables and charts ab the dimensionless transport 

properties and heat capacities, conversion factors, table 3, 

have been included with both modes of data presentation, 

Air Prandtl number,- Because of the importance of the 

PrandtZ number of pure a b  i n  hea t - t r ans fe r  c a l c u l a t i o n s ,  the 

r e s u l t s  of this work were cumpared (figo 10) w i t h  those of earlier 

studfes (refs; 15, 39, 40, 41, and 43)0 The deviation of the 

Pramit1 numbers is caused pr imar i ly  by ths different viscosity 

and conductivities used i n  the various works since the real-gas 

heat capacities are little different from the zero-pressure 

heat capacities used in soma cases, Hansen (ref, 42) obtained 

predictions of the Prandtl nulabor of air at high temperatures 

( t o  15,ooO IC) by considering the molecules to behave as hard 

elastic Spheres, the molecular c o l l i s i o n  integrals being 

represented as a simple functiaaz of the temperature according 

to the Sutherland formulaa While t h i s  r ep resen ta t ion  is con- 

s i s t e n t  with other approodmortioata employed at high temperatures,  

it i s  not so satisfactory as the c o l i i s i o n - i n t e g r a l  method, 

The latter method, which was used i n  the present study, yields 

q u i t e  accurate i n t e g r a l s  for  colllhsions between diatunic moXeculeso 



24 

The r e s u l t s  reported in reference 42, which overlap those of 

t h i s  reportP differ fraa those i n  t h i s  report by approximately 

10 percent i n  the temperature range 1,OOO to  3,000 IC, 

The uncertainty in the Prandtl number for air is less than 

2 percent at temperatures less than 500 K and grows  larger at 

higher temperatures w h e r e  thermal-conductivity data are not 

so reliable, 

Hilsenrath and Toulouklan (ref, 39) and Glassman and Bonilla 

(ref, 15) up t o  500 K, but depart gradually (fig.  10) beyoold 

t h i s  temperature u n t i l  at 1,OOO K it is less than t h e  

H i l s e n r a t h - T a u l ~ n v a l u e s  by 6 ,s  percent and less than t he  

Glassman-Bonilla value by 9 percent. A t  t h i s  temperature 

t h i s  tabulation exceeds the Keenan-Kaye and Tribus-Boelter values 

by 1,4 p r c e n t ,  

The results of this work agree w i t h  those of 

Tfie tabulatioa of t h i s  work agrees to  within 

2,O percent wfth the Prandtl amber predictions made earlier 

(ref. 43) t o  600 K, Beyond this temperature, the difference 

grms and reaches 5 percent at 1,500 KO A cansideration of 

the properties used i n  the t w o  s tudies  t o  ca lcu la te  the Prandtl 

number indicates t h a t  disagreement arises almost en t i r e ly  from 

differences in the thermal conductivity predictions used in 

each case. The molecular parameters used i n  t h i s  work lead t o  

larger tbrmaf conductivities than those reported in reference 

43 and cause a comparable reduction i n  the Prandtl  number, 

Iielium Prandtl number,- Kinetic theory predicts  a constant 

value for t h e  Prandtl number of a m o n a t o m i c  gas, For t he  helium 
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molecular parameters used in t h i s  report, the Fkandtl number 

w a s  found to be 0,691, This compares w i t h  the value af 0,66 

measured by Stroom et  axo (ref, 45) and the range of values 0-67 

to 0073, determined by the correlat ions reported i n  reference 39 

for the temperature range 100 to 600 KO 

StroanQs measurements and the 0,691 value calculated i n  this 

study is due to the  somewhat smaller thermal conductivity 

values dete&md from the Lennard-Janes model for helium when 

ccanpared w i t h  experimental data (ref 45) 

The  difference between 

CWLUDING RBMARKS 

Measurements of a ir  Randtl nuaaber have been obtained 

over the temperature range 270 to  675 K w i t h  a consistency 

of 2 0-5 percent. 

cedure and coarsideratiun of t h e  effects of variable properties 

caused by temperature and canposition var ia t ions indicate a 

~ a x i m U n r  uncertainty of 2-5 percent for the  data. 

measurements, shmn in figure 1, agree closely w i t h  the pre- 

dict ions made i n  reference 43, The predictions of t h i s  work 

are within 2.13 percent of the measured Rrandtl number, 

An error analysis d the experimental pro- 

T h e s e  

Various methods of predicting the thermal conductivity 

and viscosi ty  of binary mixtures were investigated, 

were combined w i t h  heat-capacity data to form Prandtl numberso 

The method described by Hirschfelder, Curtiss, and B f r d  

(ref, 7 )  using the Unnard-J-s intermolecular po ten t ia l  was 

selected using separately evaluated force coastants from ex- 

perimental thermal conductivity and viscosity data in calcu- 

These 
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lating these properties, 

by t h i s  nethod were within 3,O percent of the helium-air 

experimental values reparted i n  reference 43- 

thermal conductivity, viscosity, and Prandtl number are given 

i n  tables am3 charts over a temperature range of 200 to 3,000 K 

for mixtures ranging from pure air to ptre helium, 

m u r e  Prandtl numbers calculated 

Dimensionless 
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T A B U  1,- VALUES OF PRANDTL NUMBER 
OF AIR FROM FAIRBD CURVE 

Temperature 
Degrees 
Kelvin 

280 
300 
320 
340 
360 
380 

400 
420 
440 
460 
480 

500 
520 
540 
560 
580 

600 
620 
640 
660 
680 

Randtl 
Number 

0,712 
0,708 
0,705 
0,702 
0,700 
0,698 

0,696 
0,694 
0,692 
0,690 
0,689 

0,688 
0,687 
0,686 

0,685 

0,685 

0,686 
0,686 
0,687 

0,685 

0 o 685 



TABLE 2, INTERMOLSCULAR FORCE CONSTANTS 
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TABLE 3. CONVERSION FACTORS FOR THERMAL CONDUCTIVITY, 

VISCOSITY, AND MEAT CAPACITY 

To change - TO - Having dimensions - Multiply by - 
- 

Thermal conductivity 

k 
Cal/(sec) (cm)('K) 
Watts/( cm) (OK) 
Btu/(hr ) (ft . ) ( O R )  

0.5760 x lom4 
2 . 410 

139 e 3 

r) 

6,174.0 1o05 
128,9 

O,O3582 

17.15 
4,149.0 

Heat capacity 

P C 
Cal/(gm-rnole)(OK) 
Btu/( lb-mole) (OR) 

1.98719 
1 . 9 t ~ a 8  
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